Given the importance of quantum reference systems to both quantum and gravitational physics, it is pertinent to develop a systematic method for switching between the descriptions of physics relative to different choices of quantum reference systems, which is valid in both fields. Here, we continue with such a unifying approach, begun in [1], whose key ingredients are an operational language and a gravity-inspired symmetry principle. The latter enforces physics to be relational and leads, thanks to gauge related redundancies, to a perspective-neutral structure which contains all frame choices at once and via which frame perspectives can be consistently switched. Formulated in the language of constrained systems, the perspective-neutral structure turns out to be the constraint surface classically and the gauge invariant Hilbert space in the Dirac quantized theory. By contrast, a perspective relative to a specific frame corresponds to a gauge choice and the associated reduced phase and Hilbert space. Quantum reference frame switches thereby amount to a symmetry transformation. In the quantum theory, they require a transformation that takes one from the Dirac to a reduced quantum theory and we show that it amounts to a trivialization of the constraints and a subsequent projection onto the classical gauge fixing conditions. We illustrate this method in a general mechanical particle model, namely the relational N -body problem in three-dimensional space with rotational and translational symmetry. This model is particularly interesting because it features the generic Gribov problem so that globally valid gauge fixing conditions are impossible which, in turn, implies also that globally valid relational frame perspectives are absent in both the classical and quantum theory. We will show that the constraint surface is topologically non-trivial and foliated by three-, five-and six-dimensional gauge orbits, where the lower dimensional orbits are a set of measure zero. In consequence, the N -body problem also does not admit globally valid canonically conjugate pairs of Dirac observables. These challenges notwithstanding, we exhibit how one can systematically construct the quantum reference frame transformations for the three-body problem.
Introduction
Reference frames appear ubiquitously in both quantum and gravitational physics. A concrete description of some physical situation is usually given from the perspective of some appropriate choice of reference frame. In most cases, such a frame is considered as an idealized external system that can be used as a vantage point but does not itself back-react on the remaining physical systems.
Reference frames, however, are always physical systems and treating them fundamentally as being quantum in nature is inevitable in quantum gravity [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and also in quantum information and foundations, once considering that measurements are carried out with physical systems [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . In every concrete situation, measurements are always relational: they relate some physical property of the measured systems to a physical property of the systems comprising the measurement device. For example, in a Stern-Gerlach magnet, the spin of the measured particles is related to the (coherent) spin of the atoms composing the magnet. Measurement devices therefore also constitute (at least part of) a reference system. Treating them fundamentally as quantum reference systems is ultimately a consequence of the universality of quantum theory, according to which all physical systems are subject to its laws.
Both in quantum gravity and quantum foundations it therefore becomes crucial to clarify how to describe physics relative to quantum reference systems and how the descriptions relative to different such choices are related. Exploiting a fruitful interplay of ideas from both fields, we began developing a unifying method for transforming between quantum reference systems in [1] that ultimately aims at encompassing both quantum and gravitational physics. The key ingredients of this method are a gravity inspired symmetry principle and the relational and operational approach to quantum reference frames recently put forward in [36] .
The symmetry principle is, in fact, inspired by Mach's principle, which was a pivotal motivation for the development of general relativity and is closely related to the diffeomorphism symmetry of the latter. Mach's principle essentially states that all physics is relational [3, 37, 38] . In particular, what inertial frames are is not determined with respect to an absolute space (as in Newtonian physics), but by the remaining dynamical content of the universe. We likewise employ the symmetry principle to enforce physical observables to be relational in the systems we consider and to generate an inherent redundancy in their description. Exploiting this redundancy allows us to develop, as proposed in [39] , a perspective-neutral meta-structure, which contains, so to speak, all frame perspectives at once and via which they are changed. This symmetry principle is implemented using the language of constrained Hamiltonian systems [40, 41] , which also underlies the canonical formulation of general relativity and quantum gravity [3, 12] . In our approach, the perspective-neutral structure corresponds to the constrained surface classically and to the gauge invariant physical Hilbert space in the Dirac quantized theory. Taking the perspective of a specific frame is closely related to imposing a gauge that fixes the redundancies in the description and changing from one frame perspective to another amounts to a symmetry transformation via the perspective-neutral structure. A specific perspective relative to one choice of frame is classically encoded in a gauge-fixed reduced phase space and to its reduced quantization in the quantum theory. This constitutes a systematic method for changing between the perspectives relative to different choices of quantum reference systems and can be applied to both temporal and spatial quantum reference systems and in both quantum and gravitational physics.
Our method extends the approach to changes of temporal quantum reference systems, i.e. relational 'clocks', developed in [13] [14] [15] for models of quantum gravity and cosmology, which precisely uses the above concepts and tools at a semiclassical level. Altogether, our approach can also be viewed as an expansion of the view, advocated in [42] , that gauge related redundancies are not just a mathematical artifact, but physically crucial for a completely relational description of the world.
As already indicated, our operational language, ultimately originating in [36] , also sheds new light on the relation between Dirac and reduced quantization -i.e. on the relation between quantizing first, then solving the constraints, and solving the constraints first, then quantizing -which has been the topic of a lively debate in the literature [16, 17, [43] [44] [45] [46] [47] [48] [49] . While the agreement is that the two methods are generally not equivalent, the debate also revolves around the question when one or the other would be the correct one to apply. In our approach, both methods are crucial for a complete relational description of the physics: the Dirac quantized theory provides the perspective-neutral structure via which relational perspectives are switched that themselves are expressed in terms of reduced quantum theories. In particular, we also demonstrate what the technical relation between the two methods is. The quantum analog to a classical reduction via gauge fixing is as follows:
1. Trivialize the symmetry generating quantum constraints. That is, transform them in such a way that they only apply to the subsystem one would like to use as a reference and, accordingly, whose degrees of freedom one considers as the redundant ones in this specific description.
2. Project onto the corresponding classical gauge fixing conditions.
In [1] , we have introduced the general conceptual underpinning of this approach and illustrated it in a simple N -particle model in one-dimensional space with a single linear translation generator constraint. Accordingly, globally valid gauge fixing conditions and thus globally valid relational perspectives on the physics were possible in this simple model. Using our new method, we recovered in [1] some of the quantum frame transformations of [36] , which were constructed using a different approach, thereby embedding them in a perspective-neutral framework. These transformations were also employed to show in [1] how entanglement and classicality of an observed system depend on the quantum frame perspective.
Here, our aim is to generalize our approach, begun in [1] , by applying it to a significantly more complicated model, namely the relational N -body problem in three-dimensional space which now features not only translational, but also rotational invariance. This is a very general mechanical particle model and it will serve to substantiate both our conceptual and technical line of argumentation, proving the capability of our approach.
The most crucial difference to the model in [1] is the absence of globally valid internal perspectives, i.e. any internal perspective will fail to fully describe all physical situations. This is analogous to the absence of global coordinates on generic spacetime manifolds and links with the conceptual discussion in [1] . The origin of this property in the present model is the additional rotational symmetry. The gauge orbits of the rotation group in the constraint surface are compact (and thus closed) and this results in the impossibility of finding globally valid gauge fixing conditions. This feature is an illustration of the Gribov problem, and it is also the reason why globally valid pairs of canonically conjugate gauge invariant (i.e. Dirac) observables are absent. In consequence, it is only possible to develop non-global descriptions of the physics relative to a particular reference frame in both the classical and quantum theory. This is closely related to the global problem of time in general relativistic systems [6, 7, [13] [14] [15] [16] [17] . Concretely, this means that generic relational clocks (temporal quantum reference systems) in these systems feature turning points-and, accordingly, can start running 'backwards' -and thus cannot be used as globally valid temporal references. Therefore, non-global relational descriptions appear, and should be expected, in most interesting physical scenarios, as argued also in [1] . The below is still a fairly benign illustration of this Gribov problem.
It must be emphasized, however, that this is not a problem for the physics per se, but only of descriptions of it. In fact, the perspective neutral structures in both the classical and quantum theory can be formulated globally without any issues. Challenges only arise when defining specific perspectives and so much of our attention here will be devoted to exhibiting how to describe physics relative to non-global relational perspectives and how to nevertheless switch between them via a perspective-neutral structure that itself can be formulated globally.
The rest of the article is arranged as follows. In sec. 2, we introduce the classical N -body problem in three-dimensional Newtonian space, but subject to a global rotational and translational invariance, which renders the spatial physics fully relational and leads to a redundancy in the description. Here, we discuss all the technical challenges that arise due to the appearance of the Gribov problem and how one can nevertheless choose a frame perspective. In sec. 3, we quantize the three-body problem in both the Dirac and reduced method. Our main ambition here is to construct explicitly the quantum reduction from the Dirac to the reduced quantum theories in the particular perspectives. We finally then use this quantum reduction method to also construct the quantum reference frame transformation that takes one from the one quantum frame perspective to another. Importantly, this transformation proceeds by inverting the quantum reduction, mapping back to the perspective-neutral Hilbert space and then performing the forward quantum reduction to the desired perspective. We conclude in sec. 4 with a short conclusions and outlook. For better readability we have moved most technical details to various appendices and for better orientation, we also provide here a table of contents. We employ a toy model 1 for Mach's principle in a system of N interacting particles in three-dimensional space with translation and rotation invariance. This gauge symmetry implies that the position, orientation and motion of the particles with respect to the Newtonian background space has no physical significance and that the gauge invariant information is purely relational. As such, our system bears some resemblance to the Barbour-Bertotti and related models [37, 38, 50, 51] , except that here we will not have dilation or Hamiltonian constraints.
Contents
For simplicity and in analogy to [1] , we restrict to unit mass particles and a Euclidean phase space Q = R 3N so that our phase space, coordinatized by particle positions q i and momenta p i , is 1 We thank T. Koslowski for suggesting this model.
An N particle system with the desired gauge symmetries leads to the following six (primary) constraints on phase space:
where a, b, c ∈ {x, y, z} denote spatial components. These constraints are independent 3 (almost everywhere, see below) and first-class, clearly constituting the generators of the Euclidean group:
They are conserved so that no secondary constraints arise and the total Hamiltonian becomes
where the λ a and µ a are six a priori arbitrary Lagrange multipliers, accounting for gauge freedom, and the potential V depends only on the relative absolute distances between the particles.
Consequently, the six constraints generate gauge transformations on the constraint surface; clearly, the P a induce global translations, namely infinitesimally
while the R a are generators of global rotations, infinitesimally given by
A subtlety arises: while the six constraints (1) are independent on generic points of the constraint surface C in phase space (so generically, the gauge orbits will be six-dimensional), there exist special pathological points on C (thus a priori allowed), where the constraints become partially dependent. These correspond to N particle collisions and situations when all particles are collinear. As shown in Appendix A.1, in these cases, only three and five constraints are independent, respectively, and the corresponding configurations reside in lower dimensional gauge orbits, so that the constraint surface is, in fact, foliated by six-, five-and three-dimensional gauge orbits. This is a direct consequence of the compactness of the pure rotation orbits and the (complete or partial) rotational invariance of these special configurations. Given that total collisions and collinearity are a set of measure zero, almost all gauge orbits are six-dimensional. However, the lower dimensional ones are topologically relevant and have physical consequences: globally valid gauge conditions will not be possible because on the lower dimensional orbits one cannot fully fix the rotational gauge freedom as some rotations will act trivially (see Appendix A.1 and the discussion in sec. 2.2).
4 Since we will, again, interpret choices of internal perspectives as gauge fixings, this is the origin of why there will be no globally valid internal perspectives in this model. This implies significant repercussions for the reduced phase space, which is the set of all gauge orbits (every gauge orbit is the equivalence class corresponding to one physical state). Mathematically Our three configuration Dirac observables from the (almost everywhere) conjugate pairs in (7) are functions of these: ρBA, ρCA are simply the logs of the relative distances rAB = | qA − qB|, rAC = | qA − qC | between A and B, C, respectively, while u is (minus) the cotangent of the relative angle between B and C as seen from A. (b) Illustration of a generic situation in the six-body problem as a triangulation. In order to fully localize particle F relative to particles A to E, three relative distances between F and the rest are sufficient and not all relative distances are independent.
it is the quotient P red = C/ ∼, where ∼ identifies points if they lie in the same orbit, and so will be topologically non-trivial because of the differing dimensions of the gauge orbits. Clearly, this also has consequences for gauge invariance and, specifically, gauge invariant functions, i.e. Dirac observables. Before we discuss these consequences, we recall that any function can be expressed in terms of our basic phase space variables q i , p j and inquire what the most general form of a Dirac observable is. Given that the full set of rotations only leaves inner products invariant, any Dirac observable must be a function of inner products of our basic variable vectors. These inner products must also be translation invariant and so any Dirac observable must be a function of
which comprise all rotation and translation invariant inner products quadratic in our basic variables.
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In particular, the unconstrained part of H tot is obviously also gauge invariant. Again, there is a redundancy among the elementary Dirac observables (6). Indeed, the N particles have 3N coordinates and the symmetry consists of three global translations and three global rotations so there can only be (at most) 3N − 6 independent gauge invariant configuration degrees of freedom. Similarly, there are 3N momentum coordinates and six constraints (1) that can be solved for momenta so there can likewise only be (at most) 3N − 6 independent gauge invariant momentum degrees of freedom. For intuition of these statements, it is helpful to visualize the N particle motion and its gauge invariant information geometrically: a generic N particle configuration (i.e., no total collision or collinearity) corresponds to a triangulation with N vertices in 3D Euclidean space (see fig. 1 ) whose 3N − 6 edges are labeled by relative distances q i − q j from among the (square roots of the) configuration observables in (6) . In this manner, we argue geometrically in Appendix A.2 that for generic N particle configurations there are indeed 3N − 6 independent configuration and 3N − 6 independent momentum Dirac observables.
But what about N particle collisions and total collinearity where we saw that the symmetry generators become dependent? We prove in Appendix A.3 that (i) none of the elementary Dirac observables (6) are independent on the N particle collisions residing in three-dimensional gauge orbits, and (ii) only 2(N − 1) of them are independent on totally collinear N particle configurations residing in five-dimensional gauge orbits.
As we also show in Appendix A.3, this has a severe ramification: canonically conjugate or affine 6 pairs of Dirac observables do not exist globally on C. Accordingly, there are no canonically (or affinely) conjugate coordinates covering all of the reduced phase space, manifesting its topologically nontrivial nature alluded to above. A priori this will complicate also the reduced quantization of the physics in any of the internal perspectives, as we can not simply apply canonical or affine quantization methods [52] to the reduced phase space as a whole without restricting the dynamics and introducing boundary conditions. In this sense, also the internal perspectives in the quantum theory will be non-global.
Let us now construct canonically conjugate Dirac observables that are 'as global as possible'. Constructing sets of independent (non-global) canonically conjugate Dirac observables for the Nbody problem depends on N and so here we shall only provide such a set for the three-body problem, as we focus on this case in the quantum theory. Labeling the three particles as before by A, B, C, we assembled a convenient set of 3N − 6 = 3 (almost everywhere) independent and canonically conjugate Dirac observable pairs for our purposes as follows
We choose this set as it has a direct geometrical interpretation: the configuration Dirac observables are the logarithms of the relative distances r BA , r CA ∈ [0, ∞) of B and C from A and (minus) the cotangent of the angle γ ∈ [0, π] in the triangle between B and C at A (see fig. 1a ). However, in contrast to r BA , r CA , γ, our geometric variables ρ BA , ρ CA , u each take value in all of R which will be more convenient for quantization. (We choose u = − cot γ so that u goes from −∞ to +∞ as γ runs from 0 to π.) The momentum Dirac observables are projections of the particle momenta in the appropriate directions. The same construction can be carried out, of course, for permutations of A, B, C with the obvious meaning. Clearly, this set will not define global coordinates on the reduced phase space as ρ BA , ρ CA , p u become singular when A collides with either B or C and u is undefined in those cases and when the three particles are collinear. (These configurations lie in the boundary of the gauge invariant configuration space and are a set of measure zero [53] .) For other non-global constructions of canonically conjugate Dirac observables for the three-body problem, e.g., in terms of Jacobi (mass-weighted difference) vectors, see [51, 53, 54] .
Our treatment for these illnesses is to dynamically restrict the model: we shall henceforth assume (but not explicitly write) that the potential V ({| q i − q j |} i,j=A,B,C ) becomes infinitely repulsive when any of the relative distances vanishes. For example, we might imagine three electrons and a Coulomb potential. This rules out any particle collisions (for finite energies) and so the three-dimensional gauge orbits will no longer become dynamically accessible. Note that the pairs (ρ BA , p ρ BA ) and (ρ CA , p ρ CA ) will then indeed be canonically conjugate on the dynamically accessible configurations and also p u will remain finite. Only u will, strictly speaking, remain undefined when A, B, C are collinear, although γ is well-defined then. Since these configurations also remain a set of measure zero in the boundary of the gauge invariant configuration space [53] , we shall simply interpret the divergence of u for collinearity as 'infinite distance' in the variable u. In this sense, after dynamical restriction, our variables (7) are 'as good as it gets' and canonically conjugate on the dynamically accessible regions of C.
In summary, owing to the gauge symmetry, the N particle system has no physically meaningful absolute position, orientation and motion in space, yet relative position, orientation and motion among the particles is gauge invariant. Building up on our discussion in [1] , we interpret the structures described here and, in particular, all the structure on the constraint surface C as a perspective neutral meta-structure which, thanks to its inherent redundancy, contains all perspectives at once. Choosing a specific internal perspective of a particle frame will again amount to a gauge fixing, as we shall discuss shortly.
We noted that there cannot be a globally valid internal perspective on account of the topological non-trivialities of the gauge orbits. However, it must be emphasized that all ensuing challenges only arise when collecting the structures necessary for moving into a specific internal perspective. The perspective neutral structure has no problems per se as C can be consistently and globally described in terms of the original phase space variables q i , p j and, while Dirac observables are necessary for gauge invariance, global canonically conjugate pairs of them are not required.
Choosing an internal perspective = choosing a gauge
In order to completely fix the gauge, we have to impose six gauge fixing conditions as we have six independent first class constraints on generic points of C. Altogether, as already noted, we then have
independent gauge invariant phase space degrees of freedom away from pathological configurationsthe dimension of the reduced phase space.
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Suppose we want to describe the physics from the internal perspective of particle A. In complete analogy to the purely translation invariant case of [1] , we define A to be the origin from which all distances are measured:
However, we also need to fix the rotational gauge symmetry. Before we move on, we already note that there can be no globally valid gauge fixing conditions that will pierce every gauge orbit. This follows from pure dimension counting. Indeed, a set of gauge fixing conditions that also completely fixes the rotational symmetry for generic configurations must define a (6N − 12)-dimensional gauge fixing surface G within the (6N − 6)-dimensional constraint surface C. Locally, within C, G will be described by six independent conditions. We noted that the gauge orbits in which the total collisions reside are three-dimensional (see Appendix A.1) and so these will locally, within C, be described by 6N − 9 independent conditions. Clearly, it is impossible to satisfy the 6 + 6N − 9 = 6N − 3 > 6N − 6 independent conditions simultaneously within C. The analogous state of affairs holds for the fivedimensional orbits in which totally collinear configurations reside. Hence, any gauge fixing surface that fixes the rotational symmetry for generic configurations will necessarily miss the lower-dimensional gauge orbits. This is an incarnation of the Gribov problem. Without a global gauge fixing surface, we will also not have a globally valid internal perspective.
We proceed by focusing on generic configurations and accept that we will have to miss the lowerdimensional orbits. In order to complete the choice of reference frame, we now also need to define the three axes of space as seen from particle A, thereby fixing the three rotational gauge degrees of freedom. This has to be done in terms of the other particles as these provide the only physically meaningful reference for A. We have illustrated our gauge-fixing procedure for better visualization in fig. 2 . First, picking another particle B, we can get two gauge conditions by fixing the direction in which A sees B, i.e., the direction (but not the norm) of q BA = q B − q A ≈ q B . Choosing it as A's z-axis imposes
There is then only one continuous gauge freedom left, corresponding to the rotation of direction z around the origin. To fix it, we consider a third particle C, and fix it to lie in the (x, z) plane: Figure 2 : Illustration of the gauge-fixing procedure (9-12) for the three-body problem. We choose A as the origin from which to measure all distances, B to define the z-axis and C to define the x-z-plane. This procedure works in the same way for N > 3 particles by choosing a three-body subsystem.
In fact, we have only blocked all continuous gauge transformations, but there remain some allowed discrete gauge transformations, namely, the rotations of angle π around one of the axes, whose effect is to invert the two other axes. Indeed, those transformations leave invariant the gauge-fixing conditions (9) (10) (11) . This is a consequence of the fact that the rotational orbits are compact so that the hyperplane defined by (9-11) pierces them multiple times. To get rid of this residual gauge symmetry, it is necessary and sufficient to fix the orientation of two of the axes. This can be done with conditions, which fix the positive part of the z and x axes through:
With those conditions, B is now constrained to lie on the semi -axis [Az), and C to lie on the halfplane spanned by the axis (Az) and the semi-axis [Ax), see fig. 2 . Indeed, it is clear from the previous discussion and that in Appendix A.1 that we could not fix the gauge completely, using B and C as material references, if at least one of them were coincident with A or the three particles were collinear. Altogether, we then have a system of 12 second-class constraints (given by (1), (9) (10) (11) (12) ), that is, a completely gauge-fixed system, as proven in Appendix A.4. In summary, a complete gauge fixation is given by the choice of three particles A,B,C 8 out of the N particles, provided they are not collinear. We can denote such a gauge choice as [A,B,C]. Physically, such a gauge choice corresponds to an operational definition of the axes with which A assesses positions of other particles in space: B provides with the first axis of reference z, and C defines the plane (Axz). This information is then sufficient for A to build a non-ambiguous set of orthogonal axes (x, y, z). One can also see this procedure as an operational construction of spherical coordinates: the origin is defined as being particle A; the zenith direction z, to which the polar angle θ is relative, is defined as the direction of particle B; and the plane (Axz), to which the azimuth angle φ is relative, is defined as the one in which C is lying.
We need to check that the gauge choice is consistent with the equations of motioṅ
The conservation of our gauge conditions fixes the vectors λ and µ as defined in (3),
where we write p ij = p i − p j . Putting (14) into (13) then gives us the equations of motion for all remaining particles as seen from A's frame. Note that the validity of the latter requires (12) to hold; q z B > 0 is implied by our dynamical restriction of infinite repulsion on collisions. However, q x C = 0 is not dynamically ruled out and happens on the measure zero set on the boundary of the gauge invariant configuration space when u → ±∞.
Let us now limit ourselves to N = 3 particles for clarity. The canonically conjugate Dirac observables (7) take the following form in our gauge (see fig. 2 for illustration):
Hence, we may interpret q z B , r C as the distances of B and C as seen from A, while θ C becomes the angle which A sees between B and C. Note also that C's angular momentum around y is essentially conjugate to the angle between B and C.
After having gauge fixed our model, we need to replace the Poisson by Dirac brackets [40, 41] {F,
where Λ α , α = 1, . . . , 12, runs over the 12 second class constraints (1) and (9) (10) (11) (12) and C −1 is given in (66) in Appendix A.4, to construct the bracket structure for our gauge-fixed reduced phase space. The Dirac brackets of the q C remain canonically conjugate also with respect to {., .} D , so we could use them as canonical coordinates on the dynamically accessible region of the reduced phase space. However, for quantization it will be more convenient to use the radial and angle coordinates (ρ BA , ρ CA , u) ∈ R 3 and their respective momenta in (15) which remain canonically conjugate in {., .} D there too.
Before we continue, let us make an important remark. Denote the reduced phase space, which we have obtained after gauge fixing to A's perspective, by P BC|A as it encodes the physics of B and C relative to A. Strictly speaking, P BC|A is not actually equivalent to the abstract -and, in fact, perspective neutral -reduced phase space P red = C/ ∼, alluded to in sec. 2.1. Indeed, P BC|A is equivalent to the intersection C ∩ G BC|A (and can be canonically embedded as such into C), where G BC|A is the gauge fixing surface defined by the gauge conditions (9-12)). As argued above, G BC|A entirely misses the lower-dimensional gauge orbits for dimensional reasons and so does not intersect each gauge orbit once and only once. Hence, total collisions and total collinearity are contained in P red , but not in P BC|A . The non-equivalence, of course, only concerns a set of measure zero, from which we have also dynamically ruled out the total collisions. We have also argued above that there are no global gauge fixing conditions, due to the Gribov problem, and so one cannot obtain a gauge fixed phase space that is fully equivalent to P red . We can thus take P BC|A (or any similarly gauge fixed phase space) as a best possible description of the perspective neutral P red relative to a choice of reference frame. We shall work with P BC|A and refer to it as the reduced phase space in A perspective.
Using the constraint solutions for the redundant momenta (see Appendix A.5), we can now express our Hamiltonian (3) in terms of the surviving degrees of freedom on P BC|A :
This is the Hamiltonian for the dynamics of particles B and C, as seen by A. The term p z B p z C and the lack of 1/2 factors in front of the squared momenta correctly take into account the relative forces originating in the potential in (3) (e.g., an interaction between A and C will also affect the position of B relative to A even if B and C do not interact, see [1] for further details). The term
C constitutes an effective potential that generally becomes infinitely repulsive on approach of particle A (where our condition (12a) no longer holds) because B is used to relationally define the non-negative z-direction from A's perspective.
It is instructive to look at what this Hamiltonian becomes had we permitted the particles to have different masses m i :
Note that in the limit m A → ∞ this Hamiltonian becomes of standard form (with effective potential), in agreement with the fact that an infinite mass reference system constitutes an inertial frame.
Switching internal perspectives
Going from the internal perspective of reference frame A to that of, e.g., particle C amounts to a gauge transformation plus a swap of what one considers the redundant and the relevant Dirac observables (e.g., one would have to exchange the A and C labels in (7, 15) ). This requires one to firstly embed the reduced phase space in A perspective into the perspective neutral constraint surface, subsequently performing the pertinent gauge transformation and, finally, projecting again to the reduced phase space in C perspective. We shall only be schematic here as the situation is geometrically transparent. The details of the following discussion can be found in Appendix A.6 (see also [1] ). There exists a canonical embedding map
with image C ∩ G BC|A , that can be reversed by a 'projection'
which drops all redundant embedding information, so that π BC|A • ι BC|A = Id P BC|A . By exchanging A and C labels, the same construction holds for the reduced phase space P AB|C in C perspective. Switching from A to C perspective requires the gauge transformation α A→C , generated by the constraints P a , R a , that maps one embedding C ∩ G BC|A to the other C ∩ G AB|C . We emphasize that here we take G AB|C as being the analogous gauge fixing condition to (9) (10) (11) (12) , except that A and C are everywhere exchanged. That means, we use the analogous gauge fixing procedure as in fig. 2 , but seen from the perspective of particle C. It is clear that the sought-after transformation amounts to a few translations and rotations of the particles. In Appendix A.6, we construct it explicitly and show how this yields a map S A→C : P BC|A → P AB|C , that we also spell out explicitly in coordinates, and which satisfies the following commutative diagram:
Altogether, our change of internal perspective first maps the old perspective back into the perspective neutral structure, carries out a gauge transformation, and finally projects into a new perspective.
Quantization and relative states
We shall now quantize the perspective-neutral structure and the internal perspectives, using the Dirac and reduced method, respectively. This will endow the Dirac and reduced quantized theories with the interpretation of the perspective-neutral and perspectival quantum theories, respectively. We shall support this interpretation by constructing explicitly the maps that take one from the Dirac to the reduced quantum theories and exploit these relations to derive the transformations that take one from the internal perspective of one quantum reference frame to that of another. On account of the exhibited absence of globally valid internal perspectives, the reduced quantum theories and the transformations between them will also inevitably fail to be globally valid. Our exposition below will thereby serve to substantiate our discussion in [1] by extending it to a rather general particle model.
Given that we will encounter a considerable number of Hilbert spaces and transformations between them, we organize the main steps in fig. 3 to support the orientation within our construction.
Reduced quantization -quantum theory from an internal perspective
We begin by quantizing the reduced phase space P BC|A in A perspective. For convenience, we choose the canonically conjugate set (15) , as the configuration Dirac observables ρ B , ρ C , u take value in all of R. 11 We promote these variables directly to operators satisfying the canonical commutation relations
3. An arbitrary reduced quantum state can now be written as
In harmony with the classical case, we interpret this quantum theory as the quantum physics of particles B and C as seen from the perspective of the quantum reference frame of A. Notice that this quantum theory does not include total collisions (which, in any case, we had ruled out dynamically) or total collinearity of the three particles because neither did P BC|A . Indeed, collisions happen for ρ B , ρ C → −∞ and total collinearity as u C → ±∞. However, given the normalization conditions in H BC|A , any ψ BC|A (ρ B , ρ C , u C ) will have to have vanishing support there. It thus is a quantum theory that is not globally valid.
In fact, strictly speaking, our reduced quantum theory is not dynamically consistent because the (quantization of the) reduced Hamiltonian (17) , while precluding collisions, can still evolve to states with collinear situations in finite time even for initial states that do not have support on it. So not only is this quantum theory not globally valid in a phase space sense, but it will also not be globally valid in time. However, given the absence of global relational perspectives, we have to accept this peculiarity. At least for all initial states with no support on collinearity, the reduced theory will still provide a valid description for some finite time.
We shall recover this quantum theory by a sequence of transformations from the Dirac quantized model.
Dirac quantization -the perspective-neutral quantum theory
Next, we quantize the perspective neutral structure the Dirac way. 
The classical constraint algebra (2) of the Euclidean group directly attains a quantum representation:
Notice that the three conditions (22b) are equivalent to a single (quadratic) constraint:
The shape of this algebra permits us to decompose the constraint imposition into convenient steps:
1. We construct the translation invariant Hilbert space H TI (see fig. 3 ) by firstly solving the translation constraintsP a . Given that the latter have a continuous spectrum around zero, their solutions will not be normalizable in H kin so that H TI will not actually be a proper subspace of it. A new translation invariant inner product, normalizing translation invariant states will be required. This will be the topic of sec. 3.2.1.
abcP c , the angular momentum constraintsR a will commute with the translation generatorsP a on H TI . Hence, theR a will leave H TI invariant and we can consistently treat them as translation invariant observables on it. We could therefore then simply impose (22b) on H TI . Given that the spectrum of theR a is discrete, solutions to them will be normalizable in H TI and so the translation invariant inner product will also constitute the physical inner product. That is, the physical Hilbert space H phys (see fig. 3 ) of translation and rotation invariant states (22) will be a proper subspace of H TI .
Notice that the reverse ordering of these steps would be more cumbersome as the translation generators would a priori not leave a rotation invariant Hilbert space invariant.
Nevertheless, for our purposes it will be even more convenient to proceed slightly differently. Our ultimate goal is to construct the transformation that switches the internal perspective from H BC|A to H AB|C , i.e. from A to C perspective. To that end, it will not actually be necessary to explicitly construct H phys , although the transformation will switch via H phys from one perspective to another. While constructing H phys is certainly feasible, rotation invariant states of three particles will be unnecessarily convoluted and we shall therefore abstain from explicitly exhibiting them.
Instead, we will sidestep the construction of H phys by including an additional step in-between steps 1 and 2 above. Indeed, we will insert a partial reduction step through a map T A,BC that 'trivializes' the translation generator constraints, pushing all redundancy onto particle A and yielding the Hilbert space H TI A,BC in fig. 3 . This step, followed by a subsequent projection A q = 0|, is the quantum analog of imposing the classical gauge condition q A = 0 and will yield the translation invariant two-body Hilbert space H TI BC|A , see fig. 3 . At this stage, we have a two-body problem of B and C, and imposing rotational invariance will become substantially simpler. In this manner, we explicitly construct H phys BC|A in fig. 3 fig. 3 will be discussed in sec. 3.3. (ii) Result of the quantization of P BC|A
Constructing the translation invariant Hilbert space
Given the linearity of the translation generatorsP a , it is not difficult to construct the translation invariant Hilbert space H TI . As this step is already carried out in [1], 13 we shall be brief here and refer to this reference for further details.
We invoke group averaging [12, 55, 56] to define an (improper) projector onto solutions of (22a):
A general translation invariant state then takes any of the following forms
depending on which particle's momentum is solved for, where for later use we have defined
This yields three different descriptions of the same translation invariant state |ψ TI and will be of use later. The translation invariant inner product, normalizing these states, reads
where ·|· denotes the inner product of H kin . Based on these structures, one can Cauchy complete the space of solutions of (22a) to a Hilbert space H TI . The conjugate Dirac observables (in perspective-neutral form) (7) are, in particular, translation invariant. We can thus represent them already on H TI . We choose a symmetric factor ordering:
Some of these operators have to be understood in terms of spectral decomposition. As noted above, H phys is a proper subspace of H TI so that these operators here already define a representation of 13 In [1] , this step is carried out for the one-dimensional three-body problem, however, extension to three dimensions is trivial and amounts to simply 'attaching a vector symbol to the basic variables'. 14 See [57] for an alternative method that adapts the underlying Hilbert space topology.
the Dirac observables (7) on H phys too. It is clear that some of these Dirac observable operators will be unbounded on states with support on total collisions or collinearity and so will not actually be self-adjoint. However, these operators are defined for states that do not have support on these pathological configurations and, in line with the classical discussion, we shall restrict our attention to those. We also recall that we have dynamically ruled out total collisions through a potential that becomes infinitely repulsive there. The quantized translation and rotation invariant Hamiltonian (3)
is an observable on both H TI and H phys . In particular, on H phys (which we do not construct explicitly), this will mean that, starting with finite-energy states that do not have support on total collisions, will not dynamically produce states that do if evolved withĤ tot . On these dynamically accessible states, ρ BA ,p ρ BA ,ρ CA ,p ρ CA andp u will remain bounded and onlyû will be unbounded for states having support on collinear configurations.
It must be emphasized that, clearly, one can promote other Dirac observables to self-adjoint operators on both H TI and H phys . For example. the 'basis set' of Dirac observables (6) does not feature any pathologies and can be turned into self-adjoint operators, e.g. through a symmetric factor ordering. Hence, the perspective-neutral quantum theory will not have any issues per se. The pathologies are purely related to choosing observables that (i) have a direct interpretation in the specific perspective of A and (ii) are canonically conjugate (where defined) so that later we can relate them to the reduced quantum theory on H BC|A . As argued in sec. 2.1, better conjugate observables do not exist in this model due to the Gribov problem.
Translational reduction
As explained above, instead of directly continuing with the imposition of the rotation constraints, we firstly include the step of translational reduction to effectively produce a two-body problem that simplifies solving the (then transformed) constraints. This step is the quantum analog of gauge fixing to q A = 0 in (9) . Clearly, in the quantum theory we can not gauge fix because imposing the translation constraints (25) directly produces translation invariant states. 15 In order to remove redundant degrees of freedom and reduce the quantum theory, we thus have to proceed differently. As shown in [1] , this works by firstly trivializing the constraints and subsequently projecting onto the classical gauge fixing conditions. Some of the below is a repetition of steps carried out in [1] and so we shall be brief.
We define the constraint trivialization map, T A,BC : H TI → H TI A,BC , see fig. 3 ,
which is unitary on H kin , trivializes the translation generators into the A-slot
where † is defined with respect to H kin , and maps translation invariant states to
Hence, the A-slot of the state carries no relevant information about the original state and has become redundant. We can remove it through a Page-Wootters-like [58] projection onto the classical gaugefixing conditions (9), producing states in a novel Hilbert space H TI BC|A in fig. 3 |ψ
As shown in [1] , this defines an isometry from H TI to H TI BC|A , where the inner product on the latter is just the standard one with integration over B and C variables only.
Crucial for us is also how it transforms basic translation invariant operators
The Dirac observables (29) simplify under this transformation; we shall not spell out their transformed form as it is clear that it amounts to simply dropping the A-label from all expressions in (29). 16 As one can easily check using (32, 35) , this translation generator trivialization map leaves the rotation generators (22b) invariant:
This implies that imposing (24) and applying the trivialization map T A,BC commutes on H TI such that the square on the lower left of fig. 3 is indeed commutative. Noting the shape of (33) , this leads to the following equivalenceŝ
Hence, we lose no information by imposing two-body rotational invariance on states in H TI BC|A , rather than three-body rotational invariance in H TI , thereby simplifying the task.
Rotational invariance
We continue with the two-body problem on H
. In order to impose rotational invariance, it will be more convenient to Fourier transform to configuration space and to switch to polar coordinates (r, θ, φ), so we can use spherical harmonics Y j,m (θ, ϕ) to define a basis for
where r = | q |. Here, |j, m are the usual simultaneous eigenstates of the angular momentum operatorŝ R 2 andR z . This construction is done more carefully in Appendix B. According to the Clebsch-Gordan coefficients for the decomposition of angular momentum eigenstates, we can then write an arbitrary zero-total-angular-momentum state in H TI BC|A as:
where
Notice that these states lie in a proper subspace of H TI BC|A , which we will label by H phys BC|A (see fig. 3 ), given that it now also includes rotational invariance. The transformations of the Dirac observables (29) alluded to in sec. 3.2.2 (i.e., those in (29) with all A-labels dropped), are also observables on H phys BC|A . From the discussion above it follows that this Hilbert space is equivalent to H phys , including the evaluation of the (transformed) Dirac observables.
Rotational reduction and recovery of the reduced theory
We have implemented translational invariance, a subsequent translational reduction and rotational invariance. In order to fully relate the perspective-neutral Dirac quantized theory to the reduced quantum theory on H BC|A in A perspective of sec. 3.1, we now also have to carry out a rotational reduction, which will be the quantum analog of the classical gauge fixing φ = 0 in (10-12) that fixes the rotational gauge freedom for generic configurations. Since we cannot gauge fix in the Dirac quantized theory (the system is already translation and rotation invariant after imposition of the quantum constraints), we have to proceed differently. As explained through the translational reduction in sec. 3.2.2 (and in [1] ), the quantum analog is (1) trivialize the relevant constraints, and (2) project onto the classical gauge fixing conditions. We will now show how this works for the rotation generators.
We define a rotation generator trivialization map
where the angular operatorsθ andφ can be defined in terms of the states |r, θ, ϕ , see Appendix B.3. As shown in Appendix C.1, geometrically, this sequence of rotations of particle C effectively rotates its polar coordinate system until its polar angle θ C is measured relative to the direction of B. Hence, θ C will coincide with the relative angle γ between B and C (essentially the Dirac observable u in (7)), see also figs. 1a and 2. This procedure is thus reminiscent of the one followed classically. Appendix C.1 also proves that R B,C maps |ψ phys BC|A as defined in (38) to
i.e. to a state of zero total angular momentum in B and zero angular momentum around z in C, and that this is an isometry from H 
It is also necessary to check how the Dirac observables (29) transform under R B,C . To this end, recall that we have carried out a translational reduction in sec. 3.2.2, which corresponded to simply dropping the A labels from all expressions in (29) . In Appendix C.3, we show that (these transformations are only valid on states without support on pathological configurations):
The key point of those transformations is that γ gets mapped toθ C :
This is in harmony with the above observation that the transformation R B,C has the property of transforming the description of particle C so that its polar angle now physically corresponds to the relative angle that it forms with the direction of B.
We now wish to complete the rotational reduction, removing -in analogy to the translational reduction in sec. 3.2.2 (and in [1] ) -any redundant information from our states (41) and recovering the reduced quantum theory on H BC|A in A perspective from sec. 3.1. This second step will, again, be achieved by a projection onto the classical gauge fixing conditions and a variable change.
To this end, it is convenient to rewrite the states (41) in polar coordinates as follows
where, using the ingredients of Appendix C.1, we have defined
and P j is the Legendre polynomial of degree j. As a result, we now have a wave function of the polar coordinates and we see that it depends only on the physically meaningful r B , r C , θ C that also survived the classical gauge fixing (see fig. 2 ). In contrast, the three other configuration degrees of freedom θ B , ϕ B , ϕ C are pure gauge, and thus the distribution of any |ψ phys B,C|A is uniform with respect to each of them. This is completely analogous to the translational case in sec. 3.2.2 and we shall now project onto the classical gauge fixing conditions φ = 0 (in polar coordinates) in (9-11)
(where we have made use of the normalization (79) in Appendix B). This is an isometry because, as one can easily check, phys BC|A φ|ψ phys BC|A ≡ BC|A φ|ψ BC|A . To show that the result is the reduced theory in A perspective, we switch variables (r B , r C , θ C ) → (ρ B , ρ C , u C ) in line with sec. 3.1, producing (48) Due to (79) in Appendix B, we have the normalization
which differs from that in (21) . Hence, redefining
and
we recover exactly the shape of the reduced states (21) with correct normalization
This redefinition is not a surprise because the Dirac quantization brought us to a kinematical Hilbert space with measure dµ = i d 3 q i , from which the measure in polar coordinates on H phys B,C|A is directly inherited, whereas the reduced quantization started with a measure dµ = dρ B dρ C du C on H BC|A .
Finally, we need to check whether also the observables behave correctly. It is clear that the translationally and rotationally reduced Dirac observables (43) are unaffected by the projection (47) . The variable shift (r B , r C , θ C ) → (ρ B , ρ C , u C ) could have been carried out prior to the projection. However, this shift will affect the precise representation of these observables. Indeed, the configuration Dirac observables on H phys B,C|A ,ρ B ,ρ C and R B,CûCR −1 B,C = − cot θ C , will act simply as multiplication operators both before and after the projection and regardless of the wave function redefinition (50) . They just directly become the observables of the reduced theory. On the other hand, as can be checked, the momentum Dirac observables,p (48) as:
It is straightforward to prove, that, due to the redefinition of the wave function normalization, this is equivalent to the following action on ψ BC|A in (52)
We have thereby proved that our Dirac observables (29) ultimately transform correctly under the various reduction maps to the observables of the reduced theory in A perspective. In particular, given that we have carried out a sequence of isometries, the expectation values of these observables will be exactly equivalent to those of the reduced theory in sec. 3.1 -provided the physical states from the Dirac theory do not have support on pathological configurations.
Crucially, notice that the wave function redefinition in (50) takes care of the fact that, since total collisions and collinearity happen as ρ B , ρ C → −∞ and u C → ±∞, states in the reduced theory of sec. 3.1 have a vanishing support there, while the Dirac theory does admit states with support on such configurations. Indeed, the rescaling factor in (50) vanishes on approach of such pathological configurations and thus extinguishes any support physical states might have there.
This completes our reduction procedure in the quantum theory (see fig. 3 for a summary).
Transformations between relative states
In the previous sections, we have shown how to quantize the classical theory to achieve a description of physics from the standpoint of a physical system. In particular, we have shown how the reduced quantization and the Dirac quantization are related. Here, we give the transformation of the quantum state when changing from the perspective of A to the perspective of C. It is clear that, starting from the perspective neutral theory, we could have chosen to go into the perspective of system C, and that this can be achieved by following the same steps explained previously, but swapping all A and C labels. Once in a specific perspective, we can transform all the way back to the physical Hilbert space H phys as shown in the following diagram. 
Note, however, that we never need to explicitly go back to H phys , which we also never fully constructed. Instead, we can sidestep it.
It is worth stressing that, in order to transform from H BC|A to H phys B,C|A , one needs to tensor by
dΩ B dφ C |θ B ; φ B ; φ C ⊗, which corresponds to averaging over the classical gauge condition. This operation inverts the projection over the classical gauge fixing condition, and restores the gauge invariance of the model. Formally, the steps from H BC|A to H AB|C can be written as
Here, S T A→C is the three-dimensional analog of the relative state transformation in the translational case of [1, 36] :
where P CA is now a three-dimensional parity swap:
Explicitly evaluated on some arbitrary initial state in H BC|A
this yields |ψ BA|C = S A→C |ψ BC|A , where
where d AB is the distance between A and B and γ BC is the old angle θ C , both expressed in terms of the variables relative to C as
This is a result which has to be expected geometrically. It corresponds to replacing the relative distances between A and B by that between C and B and having now the angle θ A as the one between A and B as seen from C. In further work, we will illustrate operational consequences of this transformation and, in particular, how entanglement behaves under it.
Conclusions
In this article, we have expanded on the systematic approach to quantum reference frame transformations started in [1] , by applying it to the relational N -body problem in three-dimensional space with translational and rotational invariance. As discussed in detail, this model is particularly interesting because it is subject to the Gribov problem and thereby does not permit globally valid reference frame perspectives in both the classical and quantum theory. Since this is a property of generic systems with gauge symmetry, this example serves as an illustration how our approach can also handle challenges that arise in generic situations. In particular, the N -body problem features a number of technical challenges -all of which are a consequence of the compactness of the rotational gauge orbits -, such as a constraint surface that is foliated by gauge orbits of different dimension and an absence of globally valid pairs of canonically conjugate Dirac observables. As a result, our descriptions relative to specific frame perspectives are not valid on all states; in particular, the invariant observables which we choose to describe the physics relative to specific choices of frames become unbounded on collisional or collinear configurations (a set of measure zero). But given the absence of global perspectives, this is inevitable and will appear, in one form or another, in most interesting systems. These challenges notwithstanding, we demonstrate how one can use the quantum reduction method, consisting of constraint trivialization steps and projections onto the classical gauge fixing conditions, to systematically construct transformations between different (non-global) quantum reference frame perspectives in the three-body problem. This work thereby generalizes the approach to constructing quantum reference frame transformations of both [1, 36] , which only considered one-dimensional particle models, to a three-dimensional setting including rotations.
This article also substantiates our conceptual argumentation in [1] . Specifically, it shows that also in this more general setting, and despite the absence of global relational perspectives, our interpretation of the classical constraint surface and the Dirac quantized physical Hilbert space as perspectiveneutral structures remains valid. Similarly, our interpretation of (specifically) gauge-fixed reduced phase spaces and reduced Hilbert spaces as the physics seen from a particular frame perspective is supported by the N -problem.
As an outlook, our method will be further developed by applying it to a quantum cosmological model in [59] to demonstrate how one can also witch temporal reference systems, i.e. relational clocks, in a quantum theory. This, in fact, will also inspire a new perspective on the 'wave function of the universe'. As will be exhibited in [60] , our frame transformation method is actually equivalent to that originally developed in [13] [14] [15] , provided one restricts to a semiclassical regime within which the latter was constructed. Finally, an extension of the original quantum reference frame approach of [36] to relativistic systems with internal spin degrees of freedom will be presented in [61] together with an analysis of the operational consequences of such extended quantum frame transformations.
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A.1 Dependence of constraints on total collisions and collinearity
Here, we show that the six constraints (1) become linearly dependent on total collisions and when all particles are collinear. Moreover, it will follow that the gauge orbits containing these pathological configurations are only three-and five-dimensional, respectively.
The simplest (and most extreme) situation is the N particle collision at the origin q i = p i = 0, i = 1, . . . , N , where the (phase space) gradients of the rotation generators R a vanish and only the translation generators P a define independent flows. The origin does not rotate and this means the gauge orbit in which it lies is only three-dimensional. Indeed, neither the rotation (1b) nor translation generators (1a) can change p i = 0, ∀ i (see (4, 5) ), and only the translation generators can change the location of the total collision, however, not the fact that q i = q, ∀ i. For p i = 0 and q i = q, ∀ i, one has dR a = abc q b dP c and so the gradients of the rotation generators will always be linearly dependent on the gradients of the translation generators. Such a gauge orbit is then three-dimensional.
Similarly, if the N particles are collinear and the momenta are also aligned with the axis of collinearity, only two of the three gradients of R a are linearly independent because the rotation around the axis of collinearity acts trivially on the particles. More precisely, collinearity means that
which defines a linear dependence among the six constraints (1). Note that any such configuration can be mapped to q i = q i v and p i = p i v, where even v a dR a = 0, through a global translation that puts the configuration origin on the axis of collinearity. Since no other special direction exists for such configurations, this is the only linear dependence and so two of the three rotation generator gradients are linearly independent. Neither rotations nor translations can change the collinearity of the particles in both configurations and momenta and so on every point of such a gauge orbit there will always be just five independent constraints. This means that the gauge orbits in which such collinear scenarios reside are only five-dimensional.
Since the translation generators are always independent and it is not possible that only one rotation generator is independent (it would have to leave two linearly independent vectors invariant), there are no other types of lower dimensional orbits. Hence, the constraint surface is foliated by six-, five-and three-dimensional gauge orbits.
A.2 Independent Dirac observables on generic N particle configurations
There are various ways to convince oneself geometrically that only 3N − 6 of the N 2 relative distances | q i − q j | are independent. Our entire discussion below is for generic configurations, i.e. away from pathologies such as total collision or collinearity of all N particles. For example, for N = 3, the particles form a triangle and all three relative distances are independent. Owing to the gauge symmetry, the orientation and localization of this triangle in Newtonian background space is unphysical. Now add a fourth particle; evidently, this particle requires three additional relative distances to be fully localized in relation to the other three particles in the triangle. The physically relevant configurational information of the four particles is thus now contained in the edge lengths of a tetrahedron and again all 4 2 = 6 relative distances are independent. Redundancy now comes in if one adds a fifth particle: in order to fully localize it with respect to the other four, only the relative distances to three of the four particles, forming a triangle, are required, see fig. 1 . The fifth particle forms another tetrahedron with the three particles relative to which it has been localized. The relational information in the configurations is thus stored in two tetrahedra that are glued together along a common triangle. There are thus nine independent edge lengths and the tenth relative distance (the one between the fifth and fourth particle) is automatically determined from the others, no matter how the glued tetrahedra are embedded in the ambient three-dimensional Newtonian background space. This construction generalizes to an arbitrary number N of particles: for each further particle, only three independent relative distances are needed to fully localize it relative to the previous ones and all other relative distances between it and the rest are redundant. The independent relational information in the configurations can thus be encoded in a 3D triangulation with N vertices in Euclidean space and this triangulation has 3N − 6 edges. There are thus 3N − 6 independent absolute relative distances for N ≥ 3 particles.
Likewise, it is not hard to see that indeed only 3N − 6 of the
momentum Dirac observables p i · p j are independent. Thanks to (1a), there are (at most) two linearly independent momenta for N = 3 and their three inner products are independent. For N = 4, one has (at most) three linearly independent momenta, thus forming a basis, and their six inner products again are independent. Now for any additional particle k: the three inner products of its momentum vector p k with the three basis vectors are independent and clearly determine the inner product of p k with any other momentum vector. Hence, there are 3N − 6 independent Dirac observables among the p i · p j .
A.3 Absence of global canonically conjugate Dirac observables
Recall from sec. 2.1 that any Dirac observable is a function of the basic gauge invariant combinations
It follows from Appendix A.2 that, on generic configurations, there will be 3N − 6 independent configuration and 3N − 6 momentum Dirac observables among this set. There cannot be more independent ones because the phase space is 6N -dimensional and, on generic points of C, all six first class constraints (1) are independent, i.e. their gradients are linearly independent and tangential to C. To analyze what happens for N particle collisions and collinearity, we need to be more precise. (In)dependence of phase space functions is defined in terms of linear (in)dependence of their phase space gradients. Clearly, at the origin of phase space, q i = p i = 0, ∀ i, which is contained in C and lies on a three-dimensional gauge orbit (see Appendix A.1), all gradients of the basic Dirac observables above vanish, i.e. df ijkl = dg ijk = dh ij = 0. In this sense, there are no independent Dirac observables among the set (61) at the origin; the phase space flows they generate (and which are always tangential to C) vanish at this point on C. This will already be enough to argue that there can be no global canonically conjugate Dirac observables on C.
Nevertheless, it is also interesting to firstly consider what happens when all N particles are collinear and also their momenta are aligned along this axis, i.e. q i − q j = q ij v, p i = p i v, ∀ i, j, and some v ∈ R 3 . We noted in Appendix A.1 that such configurations reside in five-dimensional gauge orbits. The differentials of the basic Dirac observables (61) read on such configurations
Hence, the only differentials appearing in these equations are
Similarly, we have v ·d P = i v ·d p i . Thus, altogether, on such collinear configurations there will only be 2(N −1)+1 linearly independent gradients of the observables (61), of which 2(N −1) are non-trivial observables (instead of 6N − 12)) and the additional one corresponds to a linear combination of the momentum constraints v · d P . That is, 4N − 10 otherwise independent flows generated by the Dirac observables (61) vanish for such collinear scenarios. These observations imply that there can be no global canonically conjugate Dirac observable pairs, for if there were, their gradients would have to be non-vanishing on all of C. In fact, suppose there were a full set of global canonically conjugate Dirac observables Q α , Π β , α, β = 1, . . . , 3N − 6. They would define a matrix of their gradients with rank equal to 6N − 12 everywhere on C, thanks to
where Ω is an antisymmetric, contravariant tensor whose components in our coordinates read
and the z µ , µ = 1, . . . , 6N , label the canonical phase space coordinates q µν is invertible, validity of (63) on all of C would imply that ∂ µ Q α , ∂ ν Π β constitute 6N − 12 linearly independent gradients everywhere on C. But this is in conflict with our observation that all Dirac observables are functions of f ijkl , g ijk , h ij in (61) and that the latter have identically vanishing gradients at the origin of phase space, which lies on C, or only 2(N − 1) linearly independent gradients on totally collinear configurations. More precisely, summarizing f ijkl , g ijk , h ij in one label set O Γ , where Γ runs over as many values as there are functions in (61), we can write
Note that these will not be unique functional dependences because the basic Dirac observables (61) have some obvious dependences among them. However, for any consistent such choice of functional dependence, one finds, using the chain rule,
Given that Ω is invertible and ∂ µ O Γ vanishes at the origin and defines a matrix of rank equal to 2(N − 1) for total collinearity, the right hand side is impossible to achieve with nonsingular ∂ Γ Q α , ∂ Γ Π β . But if the latter become singular, then also the gradients
, become ill-defined and so Q α , Π β , despite possibly being non-singular as functions (such as, e.g., the relative distances | q i − q j |), cannot be conjugate on such pathological configurations.
In summary, there are no global canonically conjugate Dirac observable pairs on C and the same, in fact, immediately implies to Dirac observable pairs with affine conjugation relations, where, instead of
The global absence of either makes reduced quantization a priori challenging as neither canonical nor affine quantization [52] can be applied without imposing additional boundary conditions.
A.4 Proof of the three-body gauge-fixing in the 3D case
Let us formally prove that the gauge is indeed totally fixed. One way is to consider the Poisson-Bracket Matrix C of all our constraints and show that it is invertible. Concatenating all our constraints in a 12-list (Λ α ) = ( 
C is then invertible, with its inverse being:
(66) Note that this matrix is indeed only invertible when also (12) are imposed.
A.5 Solving constraints for the redundant momenta
Using the constraints (1), we can express the momentum degrees of freedom that we are getting rid of in terms of the six surviving phase space degrees of freedom:
Note that this constitutes a (non-global) constraint abelianization [41] .
A.6 Switching internal perspectives classically
Using (67), the canonical embedding map of the reduced phase space in A perspective into C reads
and its image is precisely C ∩ G BC|A . Conversely, the projection π BC|A : C ∩ G BC|A → P BC|A does precisely the opposite, dropping all redundant information, so that π BC|A • ι BC|A = Id P BC|A . Clearly, the same structures can be constructed for C perspective.
Let us construct the gauge transformation α A→C , taking us from C ∩ G BC|A to C ∩ G AB|C , where G AB|C is defined by (9) (10) (11) (12) , in four steps. The flow on C generated by some constraint C will be denoted by α s C , where s is the flow parameter. The gauge transformation of some phase space function F simply drags its argument along the flow α s C · F (X) = F (α s C (X)), where X ∈ C, Written explicitly,
where {F, C} k = {. . . {{F, C}, C}, . . . , C} is the k-nested Poisson bracket of F with C.
1. First, we translate B along z to the origin. Using (4), the corresponding gauge transformation is easy to evaluate on the canonical variables, starting at some X 0 ∈ C
leaving all other variables invariant. Clearly, α 2. Next, we rotate around the y-axis until C lies on the z-axis. The necessary angle is the one between A and C, as seen from B and can be found from gauge-invariant quantities by using:
where l 2 ij = q ij 2 is the squared distance between particles i and j. Using (5, 68), this transformation is easy to evaluate on the canonical variables. Writing
leaving all other variables invariant. Evidently, α −Θ AC|B R y achieves the desired transformation.
3. Now that C lies on the z-axis, we translate it to the origin. Writing
accomplishes the desired transformation.
4. However, after this sequence of transformations, we will have q x A < 0 and so we finally rotate once more by an angle π around the z-axis α π R z , so that now q x A > 0.
In conjunction, jumping from the reference frame of A to the reference frame of C can be achieved through the sequence of gauge transformations
which completes the map, depicted in the diagram of sec. 2.3,
Recalling that one has to swap some redundant and non-redundant Dirac observables (in line with the A, C label exchange), it reads in coordinates:
where the primed and unprimed variables are the ones after and before the total transformation S A→C , respectively, and
B Using spherical coordinates
B.1 Spherical coordinates
In L 2 (R 3 ), we define spherical-coordinates eigenstates by:
|r, θ, ϕ = |x = r sin θ cos ϕ, y = r sin θ sin ϕ, z = r cos θ ,
We have to remember that those states are normalized slightly differently,
but they define a basis for L 2 (R 3 ), except for the fact that there are pathological situations at r = 0 and θ = 0, π. One way to see this situation is that the use of spherical coordinates corresponds to an isometry between L 2 (R 3 ) and H sphe , the subspace of L 2 (R + × S 2 ) defined by the following conditions on a wave function g g(r = 0, θ, ϕ) = α , (80a)
and where the integration measure is dµ = r 2 dΩ = r 2 dθ sin θ dϕ. A state |φ associated to the density g in spherical coordinates (verifying conditions (80)) should be written:
In this way one has
so one sees that g(r, θ, φ) can physically be considered as the density of probability that |φ is measured at the position (r, θ, ϕ) in spherical coordinates, as should be expected.
B.2 Spherical harmonics states
Let us restrict ourselves for a moment to
. It is spanned by the: 
where the only remaining condition on f , stemming from (80a), is:
f (r = 0; j, m) = α δ j,0 δ m,0
As
, decomposition (85) (where f verifies (86)) is also valid for any |φ ∈ L 2 (R 3 ).
B.3 Spherical coordinates operators
Lastly, let us define operatorsr,θ andφ. A natural way to do so would be to define it on the orthogonal basis defined in (78):r |r, θ, ϕ = r |r, θ, ϕ ,
θ |r, θ, ϕ = θ |r, θ, ϕ ,
ϕ |r, θ, ϕ = ϕ |r, θ, ϕ .
Yet,θ andφ defined in this way are not well-defined everywhere, as the action of both of them on states with r = 0, as well as the action ofφ on states with θ = 0 and θ = π, would then map on states which do not verify conditions (80). This is why we will say that definition (87) is assumed only out of these pathological cases, on which we will complete it by the convention:
ϕ |r = 0, θ, ϕ = 0 ,
ϕ |r, θ = 0, ϕ = 0 ,
ϕ |r, θ = π, ϕ = 0 .
It is important to note that the choice of definition (88) will have practical consequences only when we consider states comprising a Dirac distribution at r = 0, θ = 0, or θ = π; otherwise they do not matter as they only impact states with a zero measure. Note that r = 0 will correspond to collisions in our model, which we have ruled out dynamically.
Going back to R B,C , one can now see that:
R B,C |r B , θ B , ϕ B B |r C , θ C , ϕ C C = |r B , θ B , ϕ B B ⊗ (R(θ B , ϕ B ) |r C , θ C , ϕ C C )
= |r B , θ B , ϕ B B |r C , γ(θ B , θ C , ϕ B − ϕ C ), η(θ B , θ C , ϕ B − ϕ C ) C , so we see that R B,C acts as a rotation on the C-slot of the tensor product, mapping it to a description in spherical coordinates where the polar angle γ is now relative to the direction of B. The azimuth angle η after transformation R B,C is not relevant for our analysis, as we shall see shortly. H phys BC|A is spanned by the states |Φ(r B , r C ; j) as defined in (38, 39) . Let us therefore determine the action of R B,C on the |Φ(r B , r C ; j) . Using 94, we find: 
The Legendre addition theorem states that:
where γ is defined as in (93a) and P j is the Legendre polynomial of degree j. The change of variables (θ C , ϕ C ) → (γ, η) leaves the element of integration invariant and yields: fig. 3 ). It can be easily checked by direct calculation that R B,C leaves the inner product invariant and so it defines an isometry from H (100)
C.2 Trivializing the rotation constraints
Let us look at how the constraints (22b), which define H phys BC|A as a subspace of H TI BC|A , transform under R B,C . We will give the results of the calculations, which were done using the usual commutation relations between theR a and using their representation in polar coordinates:
R y = i(− cos ϕ ∂ θ + cot θ sin ϕ ∂ ϕ ) ,
In terms of action on the coefficient function ψ phys B,C|A , the constraints get mapped to: 
C.3 Dirac observables and rotational reduction
Next, we have to check how our Dirac observables, written in (29) equivalently for H phys and H TI , transform under R B,C . Since we apply this map to H phys BC|A , we have to check how the translationally reduced Dirac observables transform under R B,C . Recall from sec. 3.2.2 that the translational reduction of the Dirac observables in (29) amounts to simply dropping the A labels on all sides.
It will also be convenient to write the operator corresponding to the angle γ between B and C as seen from A (essentiallyû in (29) ) on H 
The key point of those transformations is that γ in (106), gets mapped toθ C :
Moreover, the calculations give that the forms ofρ B ,ρ C ,p 
CrC sin θ C .
